The 6th International Federation of Nonlinear Analysts Conference (2012) 67-76

Generalized Inverses for a Special Structure Matrix
Appearing in Control

Athanasios A. Pantelous'? and Athanasios D. Karageorgos?

Mnstitute for Financial and Actuarial Mathematics (IFAM), Department of Mathematical Sciences, University of Liverpool, UK
ZInstitute for Risk and Uncertainty (IR&U), University of Liverpool, UK
3Department of Mathematics, University of Athens, Greece

ABSTRACT: In the literature of control and system theory, several explicit formulae for solving structural systems
and computing the inverse of those are appeared regularly. Recently, getting inspired from an interesting application of
control for the change of the initial state of a linear system of higher order in (almost) zero time, the need for the input
calculation, and the matrix properties of different types of generalized inverses for a special structure matrix, like
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where A # p # 0 have been derived, studied and considered further in the present paper. The above matrix is appeared
for the very first time in the literature of matrix theory, according to the authors’ knowledge. Two numerical examples
are also provided.
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1 INTRODUCTION

In the literature of control and system theory, the idea of approximating distributional inputs with smooth functions that
achieve similar (control and system) objectives was first introduced by Gupta and Hasdorff, see [2] and [3]. Quite recently,
the transfer of the initial state of an open loop, linear higher-order descriptor (regular) differential system in (practically
speaking, almost) zero-time has been fully investigated, see [4], i.e.

Fa'™ (1) = Ga (1) + bu (t),

with known initial conditions z (t,) , ' (to) , ..., £~ (t,),

where F,G € M (nxn;F), and b € M (n x 1;F) (i.e. M is the algebra of n x m matrices with elements in
the field F = R or C) with det ¥ = 0 (0 is the zero element of M (n = 1,F)), z(t) € C> (F, M (n x 1;F))
and u(t) € C®(F, M (1 x 1;F)). For the sake of simplicity, we set in the sequel M,, £ M (n x n;F) and
Mo 2 M (n x m;TF).

In order this problem to have a solution, the appropriate input has to be made up as a linear combination of the
d-function of Dirac and its derivatives, for more details see [2]-[4] and [5] and references theirin, i.e.

n—1
uo () = Z ard™ (t), M
k=1
where §*) (t) or % is the k'"-derivative of the Dirac d-function, and a; for i = 0,1, ...,n — 1 are the magnitudes

of the delta function and its derivatives.

Furthermore, we assume that the state of the system at time 0~ is

2(07)=2'(0)=-=2"Y0)=[0 0 ... 0],
and at time 07, it achieves
z(0T) =2} a8 ... af ]t,g/(0+):[x1 x5 zk ]t, -
2D (N = [ 2]t ap! ap ]
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In paper [4], similarly as in [2], [3] and [5], a classical approximated expression for the controller (1), which is based
on the Gaussian (Normal) function, is used. Thus, by considering what is Dirac J-function and the Gaussian (Normal)
function, we obtain

where @ (z) = \/%76_12/2.

So, the approximate expression for the impulsive-input (1) is given by

n—1
u(t)y =Y 52" ()

k=0
Then, we can take the limit u, (t) = lir% u (t).
o—
Thus, the unknown vector-coefficient ¢ = [ a a1 -+ Gp-1 }t, where a; € Ffori =0,1,...,n—1hasbeen
analytically calculated by solving the system (2).
Vi 2 (07)
+
Vi, 2., (07)
V(H2>Zl+2 a = 2(142) 5 (0 ) @)
Via, 2z, (07)
t
where the vector [ 2 (07) Zopy,  (07) 24z, (07) -z, (07) | s constant, V; € M., is a
rectangular s X n-Vandermonde matrix and V~zj S Muz]_ mWithj=14+1,1+2,..., kandz; =1,2,...,d;,isa

special structure matrix.

Obviously, the system (2) can be further transposed into a more convenient system.

Analytically, if we multiply the 1°* row of the Vandermonde matrix V7, i.e. [ I DD D ], with the
number (—1) and we added it to the 1°* row of each of Vs s Vigoy y-+-s Vi ,thenV;_ s given by
Zp41 Z]42 " Zj
0 wj— A\ N?—)\2 M?—l_)\nfl
0 1 2415 (n— 1)#;72
0 0 1 (n—1)(n—2)pu>
Vio=1. L . 3)
: : : : : . : P
1 1 y

0 0 0 1 e dujjil Gy dufjil

Then, we can easily observe that the 1°% row of the matrix (3) can be re-written as below, i.e. the element wy +
K
TN AT RN = Y kAR,

k1,kz=0
2
> ki=k
i=1

So, the first row is presented as

1 2 n—2
) k1 yk2 k1 yk2 k1 y k2
(uj—A) (01 E HitA E pt AT L pit A
k1, k2=0 k1, k2=0 k1, k2=0
2 2 2
> k=1 > k=2 S kj=n—2
i=1 i=1 i=1

Now, since, the element p; — A # 0, we can multiply by left the eq. (3) with a properly chosen transformation matrix,
S0 as to obtain

r 1 n—2 7
k1 y ko k1 y k2
0 1 Z Mj A e e e Z lu] A
k1,k2=0 k1,ka=0
2 2
> ki=1 S kij=n—2
i=1 i=1
A n—2
szj = 0 1 205 (n - 1),uj . “4)
pi—1 pPjt1 pi—1 n—1
0 1 B S SR S
L (pj—1)! dujj’l (pj—1)! du;’rl |
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Finally, the system (5) is obtained, where the matrices S 2 forj =1+ 1,14+ 2,...,k are derived by taking into
account a properly chosen transformation left-matrix Z, as follows

* ()t
y Vi 2 (0 )0+ Vi 2z, (07)
1), 2@t , (07) Si1 diy (07)
+
Z ‘/(l+2)zl+2 a=127 §(1+2>22 (O+) 4 Sl+2 a = dl+2 (0 ) ’ (&)
. : ; ; +
VNdN Zhsy, (OJr) Sie dx (O )
where Vi € My, Sj € Mjn. 2 (07) € Myyandd,,, (07) € My, forj=1+11+2,..., k.
Note that p; = max = fiz is the index of annihilation for the eigenvalue p; .
z;=1,2,..., j

Consequently, the system (5) contains the following sub-systems.

Via = z, (07)
Siria=dyy, (07)

SNQ = dH (0+)

where V;, Sj forj =1+ 1,1+ 2,..., k are non-square matrices.

Inevitably for the analytic solution of the above system, and consequently for the determination of the coefficients a
of the input (1), some elements of the generalized inverse theory are needed.

Thereafter, before we go further describing the main results of the present paper; see the next section, it sould be
mentioned that the results for the rectangular Vandermonde matrix are presented in the paper [6]. So based on [6], here
in the next section, we give the closed form of the {1, 2, 3}- generalized inverse of a very special rectangular matrix S.
This matrix is derived naturally from the above mentioned control problem for higher order systems, and it is appeared
for the very first time in the literature of matrix theory according to the authors’ knowledge. Additionally, for the better
understanding of the presented results, some numerical examples are also considered. The 3"¢ section concludes the
whole paper.

As a last part of this introduction, the following basic definitions for different kind of generalized inverses are simply
repeated; see for more details [1].

Definition 1.1. Denote the square matrix A € M. We say that the non-negative integer k is the index of A, Ind (A) =
k, if k is the smallest non-negative integer such as

rank (Ak) = rank (AkH) .

Definition 1.2. The Moore-Penrose inverse of a rectangular matrix A € M, y, is the matrix Al e M, such that

(1) AATA = A,
(2) ATAAT = AT,
(3) (AAT)" = AAT,
(4) (ATA)" = AT A,
where x the conjugate transpose index of the relevant matrix.
Moreover, the Drazin inverse of square matrix A € M, Ind (A) = k is the matrix A" satisfying
(i) APAAP = AP,
(i) AAP = AP A,
(iii) AT AP = Al

forl > k = Ind (A).
Note that if A is non-singular, then A" = AP = 471,

2 MAIN RESULTS

Before, we present the main results of this paper, the following definitions are needed.
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Definition 2.1. Consider the following matrices:
a) Let P; (a) be a m X m-matrix which has a non-zero element a in the i"-row and the jth—column, ie.

1

P;(a) = a . (6)

1

Thus, whenever a matrix A is multiplied from the left by P; (a) then the it"-row of it is multiplied by the non-zero number
a.
b) Let P; (j,a) be a m X m-matrix which has a non-zero element a in the it*_row and the jth-column, ie.

1

Pi(j.a) = S : @

1

Thus, whenever a matrix A is multiplied from the left by P; (j, a) then the j*"-row of it is multiplied by the non-zero
number a and it is added to the §"-row of A.
¢) Let Q; (a) be a n x n-matrix which has a non-zero element a in the jth—row and the ith—column, ie.

1

Qi(a) = a ®)

1

Thus, whenever a matrix A is multiplied from the right by Q; (a) then the it -column of it is multiplied by the non-zero
number a.
d) Let Q; (4, a) be an x n-matrix which has a non-zero element a in the j*"-row and the i*"-column, i.e.

1

Qi (j,a) = S : ©)

1

Thus, whenever a matrix A is multiplied from the right by Q; (j, a) then the it"-column of it is multiplied by the non-zero
number a and it is added to the §"-column of A.

j=1
Definition 2.2. Ler us define with the || - symbol the order left multiplication of matrices as it is given by || P; =

PnPr1--- PP

As we have already discussed extensively in the introduction, in an interesting recent applications of the control and
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system theory, see [4], we need to calculate the generalized inverses of a very special matrix, like

B 1 M 'u,2 MS k e * * e Nn71 -
1 A )\2 )\3 * * * )\n—l
0 1 2)x 3X\% « * % (n—1) A"—2
00 1 3A * ¥k (’I’L - 1) (n - 2) )‘n_3 S Mm+1,n7
0 0 O 0 0o -+ 1 % .- 1 dm!t ()\n—l)

where A # p # 0.

In this section, we investigate the rectangular matrix, where n > m, using the first row of the Vandermonde matrix,
see also introduction. The other two cases (where n < m and n = m) can be straightforwardly derived using similar
arguments, and following ideas presented in [6]. So, let assume that we want to investigate the following matrix.

(m—1) gam—1
J

0 )\—,u )\2—/12 >\3—/J,3 * % ke )\n—l_ﬂn—l
0 1 2) 3N % e (n — 1) A"2
0 0 1 3\ * (n—1)(n—-2)A"3
Sm,n = . (S Mm,n‘ (10)
0 0 0 0 0 -+ 1 % .- 1 dam! ()\nﬂ)

(m=1) axm—1
Consequently, we transport the rectangular special matrix (10) into the following form,
[ Qm [m (O)m,nfm—l ] .

Proposition 2.1. (Special Matrix parameterization)
There are invertible matrices P € M, and Q € M,, such that

PSmnQ=1[0, Im Omn-m- |, (11)

where the permutated matrices are given analytically by the following expressions (12) and (13), i.e.

s=2
1
P= ]_[Pm,s+2 <m> Posio(m—s+1,-1), (12)

where P; (a) and P; (j, a) are given by (6) and (7) respectively, and

k—2

m+1 n s—2
Q=1][ I @ SO P e v DDA N (13)
s=2 k=s+1 k1,k2=0
k1 thko=k—2

where Q; (4, a) is given by (9).
Proof. We start with the matrix (10) where \ # p # 0.

In this direction, we work as follows
1

1
PQ (17_1)Sm,n — PQ (ﬁ) P2 (1,—1) Sm,n —>P3 (2,—1)P2 (m

\ ) P, (1,-1) Sm,n

1 1
P~ P2 -1D)P () Pa(1,~1) Spon — -+~
- 3</\—u> 5 (3-1) Z(A—u> 2 (1 =1) Smgn = 2

1 1
Pm (m)Pm(m_:L—l)mel <E>Pm71(m—2,—1)‘

1 1

So, the matrix (10) is transformed to

- n—2 -

0 1 p+X TRy A E R T R > pk ke
k1,ka=0
k1+ko=n—2
n—2
00 1 AP+ A+ AT ke x E e 4 ke
k1,k2=0
k1+ko=n—2
1 am—1 n=2 k1 y ko
00 O 0 0"'1*"'WWZ“)‘
k1,k2=0
L ki +ko=n—2 J
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Thus, we conclude to the determination of matrix P

P2P, (ﬁ) Po(m—1,-1)--- P, (ﬁ) Py (1,-1)

s=2
1
= ]71—1[ mes+2 <m> Pm75+2 (m — S5+ 1, —1)

Now we want to transfer the P.Sy, ,, into the desired matrix [ 0,, Im Omn-m-1 ]

So, we act as follows

1 1 2
PSnnQs | 2,— Y wA2 | 5 PS,.Qs|2,— D pMNQaf2,— D pMaR

k1,k2=0 k1,k2=0 k1,k2=0
k1tko=1 k1+ka=1 k1+ko=2
1 2 n—2
k1yk k1yk k1 k
PSmnQs [2,— > p" N2 Qu|2,— Y gl 2- D PN —
k1 ,ka=0 k1,k2=0 k1,k2=0
ki+ka=1 ki+ko=2 ki+ko=n—2
L 2 n—2
ki1yk k1yk k1 k
PSynnQs | 2,— g WA Qs ] 2,— E TP - Qn | 2,— E pFL k2
k1,k2=0 k1,k2=0 k1,k2=0
k1+ka=1 ky+ko=2 ki dhko=n—2

2
d k1 y k2
30 SR s

ATHANASIOS A. PANTELOUS and ATHANASIOS D. KARAGEORGOS

Qs
k1,ko=0
ki4ko=1
1 n—2 d 2
PSnnQs | 2,— Do pPA? [ Qu|2— Y MR Q|30 > uta
k1,k2=0 k1,k2=0 k1,k2=0
ki +ko=1 ki +ko=n—2 ki +ko=1
d n—2
o Qn | 3, —— kl)\kZ
Q X Z H
k1,k2=0
k1+ko=n—2
-
1 n—2 d 2
ETRN PRI SRS PV PRI SERPS S [P PR ARD s
k1,ko=0 k1,ko=0 k1,ko=0
k) tho=1 k1 thko=n—2 kqtho=1
d n—2
< Qn | 3, kl/\kQ
Q X Z s
k1,ka=0
ki+ko=n—2
1 - k1 y ke 1 d? =2 -
.. 4, —— —— 1)\F2 - Qn 9 - = 1)\k2
k:i,-{—g;:l ki’-H?:;:n—Q
1 d™' & 1odmt S
Qm+2 m—l—l,—mr\m_1 Z gk, m+1’_mw Z k1 AR
P ' k1, ko =0 ’ k1,ka=0
k1+ko=1 k1+ko=n—2
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We also define matrix

1 n—2 2
ok . d .
QEQs|2— > w"N* | Qui2— D0 MNP Qu|3—on D0 AR
k1,k2=0 k1,k2=0 k1,k2=0
k) +ko=1 k) +ko=n—2 ki +ko=1
n—2 2 3 2 n—2
d ki k 1d ki k 1d k1 k
Q@n 37—5 E WA Qs 47‘5@ § P Qn 27_561)\2 E PN
k1,ko=0 k1,k2=0 k1,k2=0
kit+ko=n—2 k1t+ko=1 ki1t+ko=n—2

n—2
1 k1 y k2 1 amt k1 y k2
Q-2 m“v—ﬁdm T Z HENE e @u g m L = T o M
k1,k2=0 k1,k2=0
k1tkz=1 k1 4ko=n—2
m—+1 n s—2 k—2
1 d kiyk
=1I II ~ S P b v > uAE
s=2 k=s+1 k1,k2=0
k1 tko=k—2
Consequently, we have transposed the special matrix (10) into [ 0,, Im Omn—m-1 ] O

Example 2.1. Suppose that we have the 3 x 4-special matrix,

0 10—-3 102-32 10®-3°
S3a= 10 1 2-10 3-10° | € Maya,
0 0 1 3-10°

then by applying (12), we take

s5=2
1 1 1
P=]]Ps stz (7) Ps_si2(3—s5+1,-1) = P; (7) Ps(2,—-1) P, <?) Py (1,-1)
3

1 0 0
=| -7 17 0
1/49 —1/49 1/7

The matrix S3 4 is being transformed into the following

pAX 4 A 0

0 1 1 3+10 3%>+3-10+ 10? 0 1 13 139
PSs4a=|0 0 1 w42 =0 0 1 3+2-10 =0 0 1 23
0 0 0 1 0 0 0 1 0 0 O 1
0 1 0 ]
Now, we want to transfer the P.S3 4 into the matrix | 0 0 1 0 |, soweapply(13), i.e.
0 0 0 1 |
4 4 1 a2 k—2
_ I R kiyk _ _ _ _
Q=] I] @ s T ST pmAR | = Qs (2,-13) Qs (2,-139) Qu (3, —23)
s=2 k=s+1 k1,ky=0
k1tho=k—2
1 0 0 0
|0 1 -—-13 160
100 1 —23
0 O 0 1
So, we take the parameterization
01 0 O
PSs4Q=]10 0 1 0|,
0 0 0 1
1 0 0 0
1 0 0
whereP = | —1/7  1)7 0 and Q= 8 (1) _113 igg
1/49 -1/49 1/7 0 0 0 1

In the next lines, the generalized inverse of the rectangular special matrix (10) is derived.
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Theorem 2.1. The {1, 2, 3}-inverse of the rectangular special matrix (10) is given by
ot
st =q| 1. |P,

(O)nfmfl,m

where the permutated matrices P and Q are given by the expressions (12) and (13), respectively.

Proof. Consider the expression (11), i.e.
PSm,nQ - [ Qm Im @m,n—m—l } = Sm,n - P_l [ Qm ['m @m,n—m—l ] Q_l-

Ot

In order the matrix Q }m P to be the 1, 2, 3-inverse of Sy, we have to prove the following three equali-
(D)nfmfl,m
ties,
(U
(1) Sm,nQ ]’m PSm,n — POm,n»
@n—m—l,m
0., oL, o,
(2) Q Im PSm,nQ Im P = Q ]m P
(O)n—m—l,m (O)n—m—l,m (O)n—m—l,m
and . . ,
Qm Qm
3| SmnQ I P = Sm.nQ I P.
@n—m—l,m @n—m—l,m
Thus, the (1) holds since
Ot
Sm,nQ I PSm,n
@nfmfl,m
0,
= P_l [ Qm I, @m,n—m—l ]Q_lQ I PP_1 [ Qm I, @m,n—m—l } Q_l
@n—m—l,m
0,
= Pil [ Qm Inm ®m,n7mfl ] I, [ Qm I, (O)m,nfmfl ]Q71

(O)n—m—l,m

= P71 ((O)m + Im + @m) [ Qm Im ®7n,n77n71 ] Q71

= Sm,n,
and the (2) holds since
0° 0
Q I, PSS, .Q Im P
(O)n—m—l,m (O)n—m—l,m
0 0°
=Q Inm PP '[0, In Onami |Q'Q Inm P
©n7’m71,m (anmfl,m
0 0
= Q Im [ Qm Im @m,nfmfl } Im P
(O)nfmfl,m (O)nfmfl,m
0 U 01 U
= Q Qm Im (O)m,n—m—l Im P
Qn7m71 @nfmfl,m @nfmfl @nfmfl,m
Oi
= Ql Im P17
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and finally, the (3) also holds since

0’ *

SmnQ I, P P'[0, In

(O)nfmfl,m
0! .
= P_l [ Qm Im @m,n—m—l ] Im P

@nfmfl,m

= (P ' Om+In+0,)P)"
Ot

@nf’mfl,m

(O)'m,nfmfl ] QilQ

75

ot
I, P

(O)nfmfl,m

O

Example 2.2. Suppose that we have the 3 X 4- special matrix of Example 2.1, then the 1,2, 3-inverse of the special

matrix is given by

sy —q|

0

6.1224
—0.6122
0.0204

04
I3

|p-

—5.1224

0

0.6122

—0.0204

o O O
o o= O

0

0
—13
1
0

22.8571
—3.2857

0.1429

0
160 0%
L]
1

3 CONCLUSIONS

In several areas of applied mathematics and engineering (for instance in control and system theory), structural matrices
appear regularly. The present paper has been motivated by a general, mathematical method of approximating distri-
butional inputs with smooth functions that achieve a similar (control and system) objective. This fruitful idea and the
relative mathematical techniques were first introduced by two significant applied engineers, Gupta and Hasdorff, see for
more details [2]-[4] and [5]. Recently, the proposed method by Gupta and Hasdorff has been applied in [4] for the change
of the initial state of an open loop, linear higher-order descriptor (regular) differential system in (almost) zero-time. This
control and system theory application has created the need to calculate the generalized inverses of a structural matrice.

1
-1/7
1/49

0 0
17 0
—1/49 1/7

Consequently, in the present paper, two main results have been proposed: First, we have provided a (quasi) LU fac-
torization, and secondly we have calculated analytically the generalized inverses of rectangular Special structure matrix,
which is defined in terms of scalars p, A € R by the following expression:

M1

1
0
0

0

I
A

1
0

0

12

)\2
2
1

0

/'L3

)\3
3\2
3A

0

* ¥ ¥ ¥

0

* ¥ ¥ x

1

* ¥ X ¥

*

n—1

)\nfl

(n—1)A"2

(n—1)(n—-2)\""3

1 d?nfl
(m—1) gxm~1
J

(o)

€ Mumt1,n.

Finally, it should be mentioned that some other properties of the special structure matrix need to be studied further, and
we leave them as a future research.
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