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ABSTRACT: In this paper the authors prove a local asymptotic attractivity and stability result for a hybrid nonlinear
fractional integral equations under the mixed weaker partially Lipschitz and compactness type conditions. It is shown that
the comparable solutions of the considered hybrid nonlinear fractional integral equation are uniformly locally ultimately
attractive and asymptotically stable on unbounded intervals of the real line. We base our theory on a recent measure
theoretic fixed point theorem of Dhage (2014) in partially ordered spaces and claim that our result is new to the literature.

1 INTRODUCTION

In this paper we present the qualitative analysis of the following nonlinear quadratic fractional integral equation (in short
QFIE),

(a t—s)l—«

o) = att) + [0 (15 | s o(sia(s)ds ) (LD

forallt € Ry = [0,00), where ¢ : Ry = R, k : Ry xRy - Rand f,g : Ry x R — R are continuous, I" is
the Euler’s gamma function and 1 < o < 2.

By a solution of the QFIE (1.1) we mean a function z € C'(R4, R) that satisfies the equation (1.1), where C'(R4, R)
is the space of continuous real-valued functions on R .

The QFIE (1.1) is general and includes several nonlinear quadratic integral studied earlier as special cases. For exam-
ple, if « = 1, and J = [0, T] C R4, then it reduces to the quadratic integral

x(t) = q(t) + [f(t, =(t))] </0 k(t, s) g(s,z(s)) ds), teJ, (1.2)

which is discussed in Zhu et.al. [15] for monotonicity of the solutions on the bounded interval J of R. The QFIE (1.2)
again includes a few others integral equations as special cases. See Zhu et.al [15] and the references therein. In this paper,
we discuss some local existence results for the above QFIE (1.1) and show that solutions are locally attractive in the long
period of time ¢. Our analysis rely on a measure theoretic fixed point theorem of Dhage (2013) in partially ordered
Banach space and it is shown that the sequence of successive approximations constructed in a certain way converges to
the solution of QFIE (1.1) under certain mixed Lipschitz and compactness type conditions on the nonlinearities involved
in it. The measure of noncompactness used in this paper allows us not only to obtain the existence of solutions of the
mentioned functional integral equation but also to characterize the solutions in terms of uniform local ultimate attractivity.
This assertion means that all possible comparable solutions of the nonlinear fractional integral equation in question are
locally uniformly attractive in the sense of notion defined in the following section.

2 AUXILIARY RESULTS

Let (E, <, - ||) be a partially ordered normed linear space. We frequently need the concept of regularity of E in what
follows. It is known that F is regular if {x., } is a nondecreasing (resp. nonincreasing) sequence in F such that z, — z*
as n — oo, then x, < x™ (resp. =, = z*) for all n € N. The conditions guarantying the regularity of the partially
ordered normed linear space £ may be found in Carl and Heikkild [4] and the references therein. Again, two elements
z and y in E are said to be comparable if either the relation x < or y < z holds. A non-empty subset C of E is called
a chain or totally ordered if all the elements of C' are comparable. The following definitions have been introduced in
Dhage [5] and are frequently used in the subsequent part of this paper.

A subset S of E is called partially bounded if every chain C'in S is bounded. Again S is called a uniformly partially
bounded if all chains in .S are bounded with a unique constant.

Note that every bounded subset of a partially ordered normed linear space is uniformly partially bounded and uniformly
partially bounded set in E is partially bounded, but the converse implications may hold.

Definition 2.1. A mapping T : E — E is called isotonic or monotonic if it is either a monotone nondecreasing or
monotone non-increasing, that is, if v X y implies Tx X Ty or Tx > Ty forall z,y € E.
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Definition 2.2 (Dhage [6]). A mapping T : E — E is called partially continuous at a point a € E if for € > 0 there
exists a 0 > 0 such that ||[Txz — Tal|l < € whenever x is comparable to a and ||z — a|| < 8. T is called partially
continuous on E if it is partially continuous at every point of it. It is clear that if T is a partially continuous on E, then it
is continuous on every chain C contained in E. T is called partially bounded if 7 (C') is a bounded subset of E for all
totally ordered sets or chains C'in E.

If C'is a chain in E, then C’ denotes the set of all limit points of C in E. The symbol C stands for the closure of C'
in E defined by C = C U C’'. Thu set C is called a closed chain in E. Thus, C is the intersection of all closed chains
containing C. Clearly, inf C, sup C € C provided inf C and sup C exist. The sup C is an element z € E such that for
every € > 0 there exists a ¢ € C such that d(c,z) < eand x < z forall z € C. Similarly, inf C'is defined in the same
way.

In what follows, we denote by Pei(E), Poa(E), Prep(E), Peh(E), Pod,ch (E)s Prep,ch (E) the family of all nonempty
and closed, bounded, relatively compact, chains, bounded chains and relatively compact chains of E respectively. Now
we introduce the concept of partially measure of noncompactness in £ on the lines of usual classical theory.

We accept the following definition of partially measure of noncompactness given in Dhage [6].

Definition 2.3. A mapping ¥ : Ppa,ch(E) = Ry = [0, 00) is said to be a partially measure of noncompactness in E
if it satisfies the following conditions:

17 0 # (1) 7 ({0}) C Prep,en(B),

2° p?(C) = u"(C)

3° uP is nondecreasing, i.e., if C1 C C2 = pP(Ch1) < uP(Cs)

4° If{Cy} is a sequence of closed chains from Pya,cn (E) such that Croy1 C Cp (n=1,2,...) and ifnli_{r;o uP(Cr) =0,

oo

then the intersection set Coo = ﬂn:l n IS nonempty.

The partially measure 1 of noncompactness is called sublinear if it satisfies
5% uP(C1+ C2) < pP(Ch) + pP(Cs) for all C, Ca € Pyg,cn(E) and
6° uP(AC) = |A\|pP(C) for X € R.
Remark 2.1. The family of sets described in 1° is said to be kernel of the measure of noncompactness p? and is defined
as
ker pf = {C € Pra,ch(E) ’,LLP(C) = O}.
Clearly, ker p? C Prep,cn(E). Observe that the intersection set C's from condition 4° is a member of the family ker p®.

In fact, since P (Coo) < uP(Cr) for any n, we infer that u?(Cs) = 0. This yields that Cs € ker pP. This simple
observation will be essential in our further investigations.

Definition 2.4. A mapping T : E — FE is called a partially k-set-contraction if there exists a constant k > 0 such that
Sfor any bounded chain C of E, T'(C) is a bounded chain and piP (T(C)) < k P (C).

We need the following definition in what follows.

Definition 2.5 (Dhage [6]). The order relation < and the metric d on a non-empty set E are said to be compatible if
{zn} is a monotone, that is, monotone a nondecreasing or monotone nonincreasing sequence in X and if a subsequence
{zn, } of {xn} converges to x* implies that the original sequence {x,} converges to x*. Similarly, given a partially
ordered normed linear space (X, =<, || - ||), the order relation < and the norm || - || are said to be compatible if < and the
metric d defined through the norm || - || are compatible. A subset S of E is called Janhavi if the order relation and the
metric or norm are compatible in it.

The following applicable hybrid fixed point theorem for monotone mappings proved in Dhage [7] is the key tool for
proving the main existence results of this paper.

Theorem 2.1 (Dhage [7]). Let S be a non-empty, closed and partially bounded subset of a regular partially ordered
complete normed linear space (E, =, || - ||) such that the order relation < and the norm || - || are compatible in every
compact chain C of E. Let T : S — S be a partially continuous, nondecreasing and partially k-set-contraction with
k < 1. If there exists an element xo € S such that xo < T xo or xo = Txo, then T has a fixed point x* and the sequence

{T"xo} of successive iterations converges to x*.

Proof. The proof is given in Dhage [7] and so we omit the details. |
Remark 2.2. The regularity of E and the partial continuity of 7 in above Theorem 2.1 may be replaced with a stronger
condition of the continuity of the operator 7 on E.

Remark 2.3. If the set S of solutions to the above operator equation is a chain, then all the solutions belonging to
S are comparable. Further, if ©”(S) > 0, then p?(S) = pP(TS) < (pP(S)) < pP(S) which is a contradiction.
Consequently, S € ker uP. This simple fact has been utilized in the study of qualitative properties of the dynamic
systems under consideration. See Dhage [7, 8], Dhage and Dhage [9] and Dhage et.al. [10].
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Remark 2.4. Suppose that the order relation = is introduced in F with the help of an order cone X which is a non-empty
closed set K in E satisfying (i) K + K C K, (ii) AKX C K and (iii) {—K} N K = {0} (cf. [12]). Then the order relation
<in Fisdefinedasx <y <= y —a € K. The element z¢ € E satisfying o < T o in above Theorem 2.1 is called
a lower solution of the operator equation © = 7T z. If the operator equation z = 7 x has more than one lower solution
and the set of all these lower solutions are comparable, then the corresponding set .S of the solutions to above operator
equation is a chain and hence all solutions in S are comparable. To see this, let zo and yo be any two lower solutions of
the above operator equation such that 2o < yo and let * and y* respectively be the corresponding solutions under the
conditions of Theorem 2.1. Now, by definition of <, one has yo — zo € K and from the monotone nondecreasing nature
of T it follows that T"yo — 7 "xo € K. Since K is closed, we have that y* — 2" € K or z* < y*.

For our purpose we introduce a handy tool for the partial measure of noncompactness in the space BC' (R4, R) which
is useful in the study of the solutions of certain nonlinear integral equations. To define this partial measure of noncom-
pactness, let us fix a nonempty and bounded chain X in the partially ordered Banach space BC' (R4, R) and a positive
real number 7. For a fixed element zz € X and a real number € > 0 denote by w” (z, €) the modulus of continuity of the
function z on the interval [0, T'| defined by

wh(x,€) = sup{|z(t) — x(s)| : t,s €[0,T], |t —s| <€} .

Next, let us put
wh(X,€) = sup{w’ (z,€): z € X},

we (X) = limw” (X, €)

e—0
and
wo(X) = lim wg (X) . Q2.1

The partial Hausdorff measure of noncompactness 3” in the function space C([0,7],R) of continuous real-valued
functions defined on closed and bounded interval [0, T'], is very much useful in the applications to nonlinear differential
and integral equations and it can be shown that

F(X) = 3 (X)

for all bounded chain X in C([0,7],R). Similarly, wo is a handy tool of partial measure of noncompactness in the
ordered Banach space BC (R, R) useful for practical applications to nonlinear differential and integral equations.

Now, for a fixed number ¢ € R and a fixed bounded chain X in BC' (R4, R), let us denote

X(t) = {z(t) 1z € X}.

Let
ba(X(t)) = |X(t)] = sup{[z(?)| : = € X},
da (X(1) = sup 6a(X (1)) = sup |X ()]
and
0a(X) = lim_ SC(X (1)) :liirisup |X (8)]. (2.2)

The details of the function §, appear in Dhage [6]. Finally, let us consider the function p£ defined on the family of
bounded chains in BC' (R, R) by the formula

12 (X) = wo(X) + §a(X). 2.3)

It can be shown that the function p?% is a partial measure of noncompactness in the space BC(R, R). The components
wo and d, are called the characteristic values of the partial measure of noncompactness uf, in BC(R4, R).

Remark 2.5. The kernel ker u? of the partial measure of noncompactness pf, consists of all nonempty and bounded
chains X of the Banach space BC' (R4, R) such that functions from X are locally equicontinuous on R4 and the thickness
of the bundle formed by functions from X tends to zero at infinity. This particular characteristic of ker u% has been useful
in establishing the local attractivity and local asymptotic stability of the comparable solutions for the fractional integral
equations on R.
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3 ATTRACTIVITY AND STABILITY RESULTS

Our considerations will be placed in the Banach space BC' (R, R) consisting of the all real functions z = x(t) which
are defined, continuous and bounded on R.. This space is equipped with the standard supremum norm

|lz|| = sup{l(t)] : ¢ € Ry} . 3.1)
Define the order relation < in BC(R4, R) as follows. Let z,y € BC' (R, R). Then
<y <= z(t) < y(t) (3.2)

for all ¢ € Ry. It is clear that (BC' (R4, R), <, | - ||) is a regular partially ordered Banach space which is also a lattice
(cf. Nieto and Lopez [14]).

The following lemma follows immediately by an application of Arzelld-Ascoli theorem.

Lemma 3.1. Let (BC(R1,R), <, || - ||) be a partially ordered Banach space with the norm || - || and the order relation
< defined by (3.1) and (3.2) respectively. Then the norm || - || and the order relation < are compatible in every partially
compact subset of BC(R4,R).

Proof. The proof of the lemma appears in Dhage [7]. Since it is not well-known, we give the details of it. Let S be a
partially compact subset of BC' (R4, R) and let {z,} be a monotone nondecreasing sequence of points in S. Then we
have

z1(t) Sw2(t) <--- < an(t) <o) (*)
foreacht € R..

Suppose that a subsequence {x,, } of {x,} is convergent and converges to a point = in S. Then the subsequence
{zn, (t)} of the monotone real sequence {x, (t)} is convergent. By monotone characterization, the original sequence
{zn(t)} is convergent and converges to a point z(¢) in R for each ¢ € R... This shows that the sequence {xz,, } converges
point-wise to z in S. To show the convergence is uniform, it is enough to show that the sequence {z,(t)} is equicon-
tinuous. Since S is partially compact, every chain or totally ordered set and consequently {z,} is an equicontinuous
sequence by Arzeld-Ascoli theorem. Hence {zy, } is convergent and converges uniformly to z. As aresult || - || and < are
compatible in S. This completes the proof. a

In order to introduce further concepts used in the paper let us assume that 2 is a nonempty chain of the space
BC(R4,R). Moreover, let Q be an operator defined on 2 with values in BC (R4, R).

Consider the operator equation of the form
z(t) = Qu(t), t € Ry . (3.3)

Definition 3.1. We say that comparable solutions of the equation (3.3) are locally asymptotically stable or locally
asymptotically attractive to the line z(¢) = cforall t € R if there exists an open ball li(xo, r) in the space BC (R4, R)
such that for arbitrary comparable solution = = x(t) of the equation (3.3) belonging to B(zo, ) N 2 we have that

lim [z(t) —c]=0. (EX)

t—o0

In the case when limit (3.4) is uniform with respect to the set B(z¢,7) N, i.e. when for each € > 0 there exists 7' > 0
such that

lz(t) —c| < e (3.5)

for all x € B(xo,7) N being the comparable solutions of (3.3) and for t > T, we will say that the comparable solutions
of the operator equation (3.3) are uniformly locally asymptotically attractive or uniformly locally asymptotically
stable to the line x(¢) = c¢ defined on R.

The equation (1.1) will be considered under the following assumptions:
(H1) The function ¢ : R4+ — R is continuous and bounded. Moreover, tliglo q(t) =0.
(H2) The function k is continuous and nonnegative on R4 x R.
(Hs) f and g define the functions f,g : J x R — Ry. Moreover, f(¢,0) = 0 forall ¢t € R.

(H4) There exists a constant L > 0 such that

0< f(t,x) = ft,y) < Lz —y)
forallt € Ry andz,y € Rwithx > y.

(Hs) ¢(t, ) is nondecreasing in x for each t € J.
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(Hg) There exists an element v € C(J, R) such that

) < o)+ ()] (g [ s ats.utsn)ds)

(a
forallt € J.

(H7) There exists a continuous function b : Ry — Ry such that g(¢,z) < b(t) fort € R4 and x € R. Moreover, we
assume that

k(t,s)

tli{go m b(S) dS =0.
0
Remark 3.1. If we define the function v : Ry — Ry by
Eok(t,s)

then it is continuous on R and which further in view of hypothesis (Hz ) implies that the number V' = sup,~q v(t) exists.

The hypotheses (H1) through (H7) are standard and have been widely used in the literature on nonlinear differential
and integral equations. The hypothesis (H3) is considered recently in Nieto and Lopez [14]. Now we formulate the main
existence results for the integral equation (1.1) under above mentioned natural conditions.

Theorem 3.1. Assume that the hypotheses (H1) through (H~) hold. Furthermore if % < 1, then the fractional QFIE

(1.1) has at least one solution ©* in the space BC (R4, R) and the sequence {x,} of successive approximations defined
by

2rr(®) =40 + (1000 O)] (5 [ i als.n(e) ds) 1€ Ry, G

(a t—s)l—«

for each n € N with xo = u converges monotonically to x*. Moreover, the comparable solutions of the QFIE (1.1) are
uniformly locally asymptotically attractive and stable to zero on R;..

Proof. We seek the solutions of the HFIE (1.1) in the function space BC' (R, R) of continuous and bounded real-valued
functions defined on R4. Set E = BC(R4,R). Then, in view of Lemma 3.1, every compact chain in E possesses the
compatibility property with respect to the norm || - || and the order relation < in E.

Define the operator () defined on the space E by the formula

Qz(t) = q(t) + [f(t, 2(t))] F(la)/(tk(z)sl),a g(s,z(s))ds (3.8)

for all t € R. Observe that in view of our assumptions, for any function z € F, the function Qz is continuous on R .
As a result, @ defines a mapping @@ : E — E. We show that () satisfies all the conditions of Theorem 2.1 on E. This
will be achieved in a series of following steps:

Step I: Q is a nondecreasing on E.

Let x,y € E be such that z < y. Then by hypothesis (Hz)-(H4), we obtain

q(t) + [f(t, z(t))] (Fl )/0 ( uiCL) g(s,x(s))ds>

(a t—s)l—«

Qux(t)

IA

o0+ 1100 (i | yis ol as )
Quy(t)

for all t € R. This shows that () is a nondecreasing operator on E.

Step II: Q maps a closed and partially bounded set into itself.
_ lzoll + llal
LV

Define an open ball B(xo, ), where r . Let X be a chain in B(zo,r) and let z € X be arbitrary. If

I'(a)
x > 0, then for arbitrarily fixed t € R we obtain:

|zo(t) = Qz(t)| < |wo(®)] + llall + [t z(®))]] x

8 (F(la) /Ot (t/i(l;,)i)_a \g(s,x(s))|ds)

|zo(t)] + llall + [I£ (£, 2(8)) — £ (2, 0)]] x

IN
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“(r@ / i b))

v(t)
<
< lzo@®f+ llall + L) 5 )
v
<
< llwoll + llgll + L= ()
LVr
< lwoll + llgll +
I'(a)
= r 3.9)

Similarly, if 2 < 6, then it can be shown that |z¢(t) — Qz(¢)| < r for all t € R,. Taking the supremum over ¢, we
obtain ||zg — Qz|| < r forall z € X. This means that the operator () transforms any bounded chain X into a bounded
chain QX in E. More precisely, we infer that the operator @ transforms the chain X belonging to B(zo, r') into the chain
Q(X) contained in the ball B(zo,). As a result, Q defines a mapping Q : Pen(B(zo,7))) — Pern(B(xo,7))) and that
Q is partially bounded on S = B(xo, r) into itself.

Step II1: Q is a partially continuous on S.

Now we show that the operator ) is a partially continuous on the ball B(zo,r). To do this, let us fix an arbitrary ¢ > 0
and take x,y € X C B(xo,r) such that z > y and ||z — y|| < e. Then we get:

Q) = Quo)] < |17t (5 [ i 9(sva(s)) ds)

O iy | i ats.u(s)ds)

(a

)] (g [ (69" ats.n(s)) ds)

(a

Oy | i s ds)

) (i [ ks atsate) as)
(e [ ol ot utsn as)

IN

(@) tfs)la

1 k(t
< m’f(tvx( f(ty(t |/ b(s)ds
+% Flty(t |/ tisla b(s) ds

LV 2Lr

< ey 20 v O1 + Fso )

Hence, by virtue of hypothesis (Bg), we infer that there exists 7 > 0 such that v(¢) <

€

Sir for t > T. Thus, for
T'(a)

t > T we derive that

|Qx(t) — Qy(t)| < <FL(—V) + 1) (3.10)

Further, let us assume that ¢ € [0, T']. Then, evaluating as above with the Similar arguments, we get:

Qelt) = Qo) < |17t (5 [ s o(sva(s)) ds)

(a t—s)l—a

—[f(t,y(t))}(r(la) /Ot( k(t’s), g(s,y(s))ds)

t—s)l—a
O] (i [ sl o(sia(s)ds)
—[f(t,y(t))}(r1 ) /Ot ( k(t’s), g(s,y(s))ds)

(a t—s)l—

) (5 [ ks ats.ate) as)

(a

IN
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*[f(t,y(t))}(rl L g<s,y<s>>ds)

(a t—s)1 o
Sﬁ!f( flty(t !/ t_sla s) ds
+L\f(tyy(t))|/ 7’, lg(s,z(s)) — g(s,y(s))|ds
LV
< Fag 70 =001+ g5 10t |/ T (g,€)ds
CMT?
+41_‘( +1) 'r(gve)v (3'1])

where we have denoted
C = supi{k(t,s) : t,s €[0,T]},
M = sup{f(t,y) :t€[0,T] andy € [fr,r]} ,
and
wy (9,€) = sup{lg(s,2) — g(s,9)| : t,s € [0, T], @,y € [-r,7], | —y| <€} .

Now, from the uniform continuity of the function g(s,x) on the set [0, 7] x [—r, ] we derive that w; (g,e) — 0
as e = 0. Now, linking (3.10), (3.11) and the above established facts we conclude that the operator () maps partially
continuously the ball B(xo, ) into itself.

Step IV: Q is a k-set-contraction w.r.t. the characteristic value wy.

Further on let us take a chain X belonging to the ball B(zo, r). Next, fix an arbitrary 7" > 0 and € > 0. Let us choose
x € X and t1,t2 € [0,7T] with |[ta — ¢1| < e. Without loss of generality we may assume that 2(¢1) > (t2). Then,
taking into account our assumptions, we get:

|Qz(t1) — Qy(t2)] < la(t1) — q(t2)]

+'[f tx F(la/o i@ _tlssl - 9(s,2(5)) ds )
*[f(ta,y(tz))}(r(la) |t st is)

< la(t1) — q(t2)]

o] (g [ ks olsate) as)

o t1 —s)t—@

(
sttt (g [ el g(s,u(s)) ds)

tg — s)l

U] (i [ ks otsate as)

et (s [ suts) ds)

(a ty — s)l—@
< lq(t1) — q(t2)]

i x — xT tlm s)ds
+ pag 0 a) = st ([ T by as)
e ; _ktus) s,z(s))| ds
+ gl [ T et a
t2 k(tg,s)

| 9(s,z(s)) ds

o (t2—s)t~e

+'F1 [ i) s ae)

(@) to (t2 — 8)t=

|
fltr,x(t1)) — f(t2, 2(t2))|v(t)

+
* F](\i) /0 1 (tfgtl;)i{a g(s,z(s)) ds — /0 ’ % (s, z(s)) ds
< lq(t1) — q(t2)]
1
F(a |f(t17 t1)) — f(t27$(t2))|v(t1)
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tl’ _ k(t275) $) ds
/ (t2 — 3)1—0 b( )d
" 'Fla /2 t2 —t2s’ 9(s,2(s)) ds
<lg(t1) — q(t2)|
S S IR E)]
L (" k(t,s)  k(ta,s) e
* () / )(tl —s)ma (tg—s)le b(s)d
" FC(: jli = tal, (3.12)

where
Gy = sup{|g(t,s,2)| : t € [0,T],5 € [0,T),z € [-r, 7]}
which does exists in view of the fact that the function
~ k(t,s)
gt s,z) = (D g(s,x)
is continuous on compact [0, 7] x [0, 7] x [—r, r]. Now combining the inequalities (3.11) and (3.12) we obtain,

|Qz(t2) — Qz(t1)] < [q(t1) — q(t2)]

|4
+ m’f(tbx(tl)) - f(t27x(t1))}

+ oy o) — (e
i F(104) /OT ‘ (tlkgls’)sl)fa - (tf(_tz)sl),a (s)ds
+ rﬁi) It1 — o
<w'(g,9+ % W' (@, €) + %w?(f, )
b [ |l - M a4
i F(? jlin el (3.13)

where we have denoted

w' (g, €) = sup{lg(t2) —q(t1)| : tr,t2 € [0,T), |t2 —ta] <€},

W' (z,€) = sup{|a(t2) — z(t1)| : t1,82 € [0,T), [t2 — ta] < €}
and
W?(ﬁ €) = sup{|f(tz2,z) — f(t1,z)| : t1,t2 € [0,T], [ta —t1]| <€, x € [, 7]} .

From the above estimate we derive the following one:

LV LV
T <7 T T
WT(QUX), ) <™ (0,6) + s & (X, + el (1)
1 T k‘(tl, S) k‘(tg, S)
oy AR ce e LOL
Gy
+ RO (3.14)
Observe that w! (f,¢) — 0 and ks, 5) _ Kt ) — 0 as e — 0, which is a simple consequence of
(t1 — )=« (ta — )=«

the uniform continuity of the functions f and % on the sets [0, 7] x [—r,r] and [0, T] X [0, B7] respectively.

Moreover, from the uniform continuity of ¢ on [0, T}, it follows that w” (¢, ¢) — 0 as ¢ — 0. Thus, linking the established

facts with the estimate (3.14) we get

T LV r
QLX) < sl ().
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Consequently, we obtain
LV
< — . .
wo(Q(X)) < T(a) wo(X) (3.15)
Step V: Q is a k-set-contraction w.r.t. characteristic value O..

Next, we show that Q is k-set-contraction with respect to the characteristic value J,. Now, taking into account our
assumptions, for arbitrarily fixed t € R, and for x € X with z > 0, we deduce the following estimate:

(@a)(0)] < la)] + 17t ~ 1001 iy | oyisbio) ds )

(a t—s)t-e

<la(®)+ L (t)]

<la®l+ 77—

From the above inequality it follows that

QX ()] < Ja(t)] + %\X(t)\

for each ¢ € R. Therefore, taking limit superior over ¢ — co, we obtain

3.(QX) = “iﬂi‘jp QX (1))

4 limsup | X (¢)|

- F(a) t— o0
_ v
= ) Sa(X). (3.16)

Step VI: Q is a partially k-set-contraction on S.

Further, using the measure of noncompactness pf, defined by the formula (2.3) and keeping in mind the estimates
(3.15) and (3.16), we obtain

pe(QX) = wo(QX) + da(QX)
Lv Lv
@WO(X) + m
IV

() ta(X).

0a(X)

This shows that () is a partially nonlinear k-set-contraction on S with k = % < 1. Again, by hypothesis (Hs), there
exists an element zo = u € S such that g < Qo, that is, xo is a lower solution of the QFIE (1.1) defined on R ..

Thus @ satisfies all the conditions of Theorem 2.1 on S. Hence we apply it to the operator equation Qz = z and
deduce that the operator @ has a fixed point z* in the ball B(zo, 7). This further implies that «* is a solution of the
fractional integral equation (1.1) and the sequence {x, } of successive approximations defined by

_ 1 Eok(t,s) d
sen(®) = a0+ (1) (g | i alsan(s)ds )
for each ¢ € Ry converges monotonically to z*. Moreover, taking into account that the image of every chain X under
the operator (Q is again a chain Q(X) contained in the ball B(zo, ) we infer that the set F(Q) of all fixed points of Q
is contained in B(zo, ). If the set F(Q) contains all comparable solutions of the equation (1.1), then we conclude from
Remark 2.3 that the set F(Q) belongs to the family ker u%. Now, taking into account the description of sets belonging to
ker uf (given in Section 2) we deduce that all comparable solutions of the equation (1.1) are uniformly locally ultimately
attractive on R. This completes the proof. (]

Remark 3.2. The conclusion of Theorem 3.1 also remains true if we replace the hypothesis (Hs) with the following one:

(H%) There exists an element u € C'(R, R) such that

) 2 )+ [0 (g [ i ats o) as)

(a
forallt € Ry.

The proof under this new hypothesis is similar to Theorem 3.1 and the conclusion again follows by an application of
Theorem 2.1.
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Below we indicate an example for the realization of the abstract theory we have developed in the previous part of the
paper.
Example 3.1. Consider the nonlinear quadratic fractional integral equation,

141 1 t(t— 5)1/?
t) = t,x(t d 3.17
z(t) 112 + [f(t,2(t))] (F(3/2) /0 TP g(s,z(s))ds (3.17)
forall t € Ry, where f,g : Ry x R — R are functions defined by
0, if <0,
sinz . ™
flt,x) = 50 if O<1’§§7
(m+2)x . T
f z
0r(1t2) T
and
1, if <0,
2 i <
glt,z) =4 * +1, if 0<a<1,
e
1+
We shall show that all the of Theorem 3.1 are satisfies by the functions involved in QFIE (3.17). Here, q(t) = %

so that g is continuous and bounded on R with bound equal to unity. Again, tlim q(t) = 0. Thus, hypothesis (H1) of
— o0

Theorem 3.1 is satisfied. Again, here the kernel function k(t, s) is given by k(¢, s) = ﬁ Obviously k is continuous
and nonnegative on Ry x Ry and so (Hz) holds. Next, f and g define the continuous functions f,g : R4 x R — Ry
and f(t,x) and g(t, «) are nondecreasing in z for each ¢ € R. Moreover, f(¢,0) = 0. So the hypotheses (H3) and (Hs)

are satisfied.

Now, we show that f is partially Lipschitz on R4 x R. Let z,y € (—o0, 0] with z > y. Then,

for all real numbers L > 0. If z,y € [0, ] and z > y, then

1
0< f(ta) — f(ty) < 55(a— )
Again, if x,y € R4 with z > y, then
T+ 2
< — < — ).
0< f(t,2) = f(ty) < o=@~ v)
. T+ 2 1
Since 207 > 20° one has s
s
< — < — ).
0< f(t.a) = flty) < S =@ —y)

for all z,y € R and so, hypothesis (Hy) is held.

Furthermore, v = 2 and g(t,z)| < 4 forall ¢ € Ry and R. Therefore,

t _ 1 3
U(t):/w.4ds:§. b2
0

t2+1 3 241
Therefore,
3
. .8 12
tli}n;.lo’l)(t) o zlggo 3e24+1 0-

As aresult the hypothesis (H7) is held. Furthermore,

Lv  (m+2 4 <1
I'(e) \ 20m ) 3I(3/2) =
Finally, it is easy to prove thawt w = 0 is a lower solution of the QFIE (3.16) on R and hence the hypothesis (Hs) is

held. Thus all the conditions of Theorem 3.1 are satisfied and by a direct application, we conclude that the QFIE (3.17)
has a solution ™ and the sequence {z, } of successive approximations defined by

14t 1 [t (t—s)/?
= t,xn(t ) T d teJ 3.18
L 1) (g [ e seano)as) ve G.13)
converges monotonically to x*, where xo = 0. Moreover, the comparable solutions of the QFIE (3.17) are uniformly
asymptotically attractive and stable to O defined on R ;.

$n+1(t)
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4 CONCLUSION

In this paper we have been able to weaken the Lipschitz condition to partially Lipschitz condition which otherwise is
considered to be a very strong condition in the existence theory of nonlinear differential and integral equations. However,
in such situations we need an additional assumption of the monotonicity on the nonlinearities involved in the considered
fractional integral equation in order to guarantee the required characterization of the asymptotic attractivity or asymptotic
stability of the comparable solutions. The advantage of the present approach over the previous ones lies in the fact that
we have been able to develop an algorithm for the solutions of the considered integral equations which otherwise is
not possible via classical approach of measure of noncompactness discussed in Banas and Goebel [2]. Finally, while
concluding this paper we mention that the results presented here are of local nature, however analogous study can also
be made for global asymptotic attractivity and stability using the similar arguments with appropriate modifications and
some of the results in this direction will be elsewhere.
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